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Steady rise of a small spherical gas bubble along the axis of a cylindrical pipe at high
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Abstract — Steady irrotational flow of inviscid liquid of density; around a spherical gas bubble which lies on the axis of a cylindrical pipe is
investigated using the analysis of Smythe (Phys. Fluids 4 (1961) 756). The bubble#radius is assumed small compared to the pipe radiyand

the interfacial tension between gas and liquigt id=ar from the bubble, in the frame in which the bubble is at rest, the liquid velocity along the pipe is
vo, Whereas the liquid velocity at points on the wall closest to the bublilg,js= vg(1 + 1.776q3 + --+). The decrease in wall pressure as the bubble
passes is thereforsp = 1.7760; v§q3. When the Weber numbéy = 2bv§pl/y is small, the bubble deforms into an oblate spheroid with aspect ratio

x=14+9W {1+ 1.59q3)/64. If the fluid viscosityu is non-zero, and the Reynolds number-R8vgp;b/ 1 is large, a viscous boundary layer develops

on the walls of the pipe. This decays algebraically with distance downstream of the bubble, and an exponentially decaying similarity solution is foun

upstream. The dra@ on the bubble i = 127 uvgh(1 — 2.21Re 1/2)(1 + 1.5%3) + 7.661v9bReY24%2 larger than that given by Moore (J. Fluid

Mech. 16 (1963) 161) for motion in unbounded fluid. At high Reynolds numbers the dissipation within the viscous boundary layers might dominate
dissipation in the potential flow away from the pipe walls, but such high Reynolds numbers would not be achieved by a spherical air bubble rising in
clean water under terrestrial gravify.2001 Editions scientifiques et médicales Elsevier SAS

gas bubble/ inviscid liquid

1. Introduction

The translation of bubbles relative to surrounding liquid plays an important role in many chemical
engineering processes. The surrounding liquid is usually bounded by container walls or by free surfaces, and
bubble motion will be affected if the bubbles are close to these boundaries. The translation of a gas bubble
along the centre-line of a pipe is one of the simplest examples of interaction between a bubble and a rigid wall.
Here we study steady potential flow of inviscid liquid around a spherical bubble translating with velgcity
along the axis of a circular tube. The original motivation for the work presented here comes from investigations
of laminar gas-liquid flow through a vertical Venturi [1,2].

Steady potential flow of inviscid fluid around a sphere translating with velogigfong the axis of a circular
tube has been studied by Smythe [3,4] and by Cai and Wallis [5]. Cai and Wallis present an asymptotic analysis
for the added mass of a sphere which nearly fills the tube. Here we study the opposite limit, in which the sphere
radiusb is small compared to the radiusof the pipe. The liquid is incompressible with density The far
field around a sphere translating in unbounded fluid is a dipole and we expect the flow field to be only slightly
perturbed by the distant pipe walls. Nevertheless an estimate of this perturbation is useful in order to check
(and correct for) the effect of finite computational domains in numerical computations.

E-mail addresssherwood@cambridge.scr.slb.com (J. Sherwood).
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Potential flow around a sphere has been used by Hartunian and Sears [6] and by Moore [7,8] as the basis for
predicting the deformation of a gas bubble in terms of the Weber number

W =2bvipi/y, @)

wherey is the interfacial tension between gas and liquid. If the bubble is rising under gravity the veigcity
and hence the deformation, depends upon the Morton number [9]

gut
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whereu = vp; is the fluid viscosity ang the acceleration due to gravity. Moore [8] considered the bubble
deformation to be no longer small when the bubble aspect patio 1.05. This occurs when the bubble
Reynolds number

Re= 2bvop; /= 1.1M /5. (3)

For an air bubble in clean wate¥ ~ 2.4 x 1071, so that the Reynolds number corresponding to a 5%
deformation is Re= 150. In section 4 we will discuss how the deformation of a spherical bubble is changed by
the presence of the pipe walls.

Potential flow around a sphere has also been used as the basis for computations of the high Reynolds number
drag on a spherical bubble, even though in reality the flow will not be irrotational at the surface of the bubble,
where a weak boundary layer will develop [10]. Levich [11] assumed that at high Reynolds numbers the velocity
field around a bubble translating in unbounded liquid can be approximated by potential flow, and he computed
the total rate of dissipation in the liquid. The rate of workiBgg of the dragD acting on the bubble must
equal the total rate of dissipation, and hence

D = 127 ubvg. 4)

The Levich drag (4) was eventually obtained directly by integration of the stress acting on the bubble by Kang
and Leal [12]. Moore [10] considered the effect of dissipation within the boundary layer over the surface of the
bubble and the bubble wake, and obtained

221 _
D =127 pubvg |1l — @+O(Re 5/6) s (5)
where the @Re %) corrections come from the region around the rear stagnation point.

Experimental investigations of the effect of pipe diameter on the bubble drag, and hence on its rate of rise,
are reviewed by Clift et al. [13]. When Re 200 the effect of the pipe is independent of Reynolds number.
Empirical correlations have suggested that if the rate of rise of a bubble in unbounded #iideigperimental
data for the rise velocityg in a pipe of radius: can be fitted by a curve of the form

Vo = USO [1 - qz] 3/2, (6)

where

q=>b/a. (7)
Recent experiments and reviews [14] have used (6) in order to correct for the effect of an outer boundary.
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Numerical computations of the flow around spherical bubbles usually investigate motion in unbounded
fluid (e.g. [15]), sometimes by applying an appropriate boundary condition far from the bubble (e.g. [16]).
Magnaudet et al. [17] performed computations in a cylindrical domain. Though they checked that the outer
boundary was sufficiently far from the sphere that its exact position was unimportant, they do not give details
of the rate at which the draf) acting on a bubble converges to its value in unbounded fluid.

In section 5 we use the potential flow, as perturbed by the presence of the pipe, to compute the perturbation
to the rate of energy dissipation and hence the perturbation to the drag (5). We shall find that the predicted
perturbation to the drag is markedly smaller than that observed in the experimental correlation (6). One
additional source of dissipation in experiments is the viscous boundary layer on the pipe walls. The effect
of this will be discussed in section 6.

We note in passing that when the bubble is small the interaction between the pipe and the dipole far field
around a translating bubble leads to a small perturbation. This differs from the case of a monopole oscillation
of a bubble [2,18] in which the pipe walls can drastically modify the frequency of oscillation of a bubble, even
if bka.

2. Governing equations

Smythe [3] studied potential flow around a sphere of radiag rest on the axis of a pipéidure 1. The
pipe axis is in the; direction and the pipe walls are at=a, where(p, ¢, z) are cylindrical coordinates with
the centre of the sphere at=z = 0. Smythe determined a vector potent#g) such that the fluid velocity is
u=(uy, 0,u;)=V A (Asey), Wheree, is a unit vector in thep direction. Thus in cylindrical coordinates

__1dedy) 1304y

U, = , 8
Smythe [3] wrote the vector potential, in the form
Ag=AP + AP + AP, 9)

b,
Yo

A

-« 2p—>

le——— 29—

Figure 1. The sphere of radius = ga on the centreline of a pipe of radius
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WhereAfpl) = %vo,o corresponds by (8) to uniform flow of liquid with velocity

uil) = vo. (20)

The termAY? in (9) is expanded as
AP =3 2 ()7 g eow) <o (112)
_ :O 2:‘f3 (?)2’1+2P21,1+1(c050) r>b, (11b)

wherelen+1 is a Legendre polynomial an@, 6, ¢) are spherical polar coordinates based on the centre of the
sphere, wittd = 0 corresponding to theaxis. Smythe [3] showed that the choice

X (=) 1200C, 0% 13 o0 12K (ta) I1(tp) cOS(t
(=D)"2vo / 1(ta)I1(tp) cogtz) & (12)
0

A® _

¢ ; 7 (4n + 3)(2n)! I1(ta)

with K1, I, modified Bessel functions, ensures zero flow normal to the wall of the tulpe=at. Smythe
truncated the expansions (11), (12yxat N, ensuring thaiv was sufficiently large that the precise choice of

N did not affect the solution. The vector potential must be constant on the surface of the sphere, since this is a
streamline, and it vanishes everywhere within the sphere i€theatisfy theN + 1 equations

80 2(4p+3)q°> L (—gH)"PC,I(2n+2p+2) C,

°r0 _ — 22 0<p<N. 13
2 3n(2p+2)!;)(4n+3)(2n+2p+3)(2n)z 3 b (13)

Values for(s!)) =21 (2s) = (s))~2 [o° t*[11(t)]"2dt are given in table 1 of [4], which corrects minor errors in
table 1 of [3]. In particulad (2s) = 7.5098907 whenr = 1.

In the limit g = b/a — 0 we find from (13) that, = O(¢?'+3) for n > 1 and will be considered negligibly
small from here on, whereas

3 I(2)q3)_1 3
Co=—=(1- =-2G, 14
0 2< 3 2 (14)
where
G =1+0.796824154° + - - -. (15)

Wheng = 0.1 we obtainCo = —1.5011952, in agreement with the tabulated values of [4]. Cai and Wallis [5]
showed that the added mass coeffici€gt, of the sphere i€,,= —Co— 1. Hence

1
cam=_c0_1:§+1.19543+---, g <1, (16)

a result which would seem to be new.
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3. Velocity and pressure fluctuations at the wall

The pressure on the pipe wall will vary as the bubble passes by, and in order to determine this change we
evaluate the liquid velocity/,,, at the pipe wall. Smythe [3] gives an expansion validfos a:

Ay =10 +ZD Jr(kp)e |, (17)
r=1

where thek, are roots of/,(k,.a) =0 and

20 L (kb*C, _ 2°Co

D, = ~ : 18
a2J§(k.a) ; (4n+3)(2n)!  3a2J¢(k.a) (18)
Hence, by (8), (17) and (18)
2b3Cok, 7+
Uew = : 19
vo—i—voz 32ioka) | z>a (19)

This expression does not converge when0, and we instead look for an expansion which is validfex a.
It is straightforward to differentiate the potentiaf) to find that on the walp = r sinf = a

voCob®(2z% — a?)
3(a? +z2)%2

u® =u?cosh — u sing = (20)

whereu andugz) are velocity components expressed in spherical coordinates. Smythe shows thakwhen
A may be expressed as an expansion in powersasfdz:

A(S) ZUOi(_l)n-i_lcnbzn-Hg /oo t2”+1K1(ta) i (tp)2k+l i(_tZZZ)r o
7 2 @+ 3@l o a2+ 1) 2 (@2)!

2U0 N oo o0 (_1)n+l+rcnb2n+3l(2n+2k+2+2r)z2rp2k+l

Z%)Z;) kzo (4n + 3)(2) a2+ 24312 2241k (k + 1)1(2n + 2k + 3+ 2r) (2r)!

SettingC, = 0 for n > 1 we obtain a contribution to the wall velocity

(21)

9= 2o )ii CUMI@ 22D () @2)

z =3 =5 22 (k + D)!(2k + 3+ 2r)(2r)!

Summing this numerically using the valuesiofabulated by Smythe [4], we find

b 3
u® = —Covo(—> [0.85052— 2.0840(z/a)? + 3.7859z/a)* + - - -]. (23)
a

Adding (10), (20) and (23) and using (14), we obtain the wall velocity

b 3
Usw = vo + vo<—> [1.77578— 5.67885z /a)® + 10.3663%z/a)" + - - -] (24)
a
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Figure 2. The perturbation¥g to the liquid velocity at the wall in the frame in which the sphere is at rest, as a function of axial pasitom the
centre of the sphere.

in the limit ¢ < 1. The correction to the wall velocity due to the presence of the bubble is
Wo = Uzw — Vg (25)

and this is shown (after scaling byg?) in figure 2 For comparison, we note from the stream function given
in [19] that at(z = 0, r = a) the velocity around a sphere in unbounded fluid.is= vy + 0.5vq(b/a)3.

The liquid velocity at the wall far from the bubble i%,,, = vo, whereas the velocity at the wall at=0 is
given by (24). Bernoulli's equation therefore predicts that the wall pressure decreases by an amount

Ap = 1.77578,v3q° (26)

as the bubble goes past a wall pressure sensor.

4. Bubbledeformation

We now consider the liquid velocity over the surface of the spherical bubble in order to find a correction to
the shape of the bubble. The vector potential is zero (by construction) throughout the interior of the sphere, so

that the tangential velocity just within the sphere due to the surij8fand A}” is equal and opposite to that

due toA}? (11a). But derivatives oft;” + AY are continuous at the surface of the sphere, so the tangential
velocity just outside the surface of the sphere is

r or

bvoCosSinO\ 1 3 [b% 2 _ 3 _
o = — (%) {7 — %] = 1CoSing = _EUOG sing. (27)

Higher order spherical harmonics due to the ter@s(n > 1) in (11) are @Qg°) and have been ignored.

The tangential velocity on the surface of a sphere in unbounded flmw:is—guosin@, which differs from

(27) only by a factorG (15). Small deformations of the bubble can therefore be found immediately from the
equivalent deformation of a bubble rising in unbounded fluid. This was obtained by Hartunian and Sears [6]
but is conveniently to be found in [7]. The bubble in a pipe becomes an oblate spheroid of the form

r=b[1+ &P;(cosy)] (28)
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with

=——— . 29
‘ 16( 14 >G (29)

In terms of the Weber numbé¥ (1) and the ratigy of the transverse to longitudinal axes of the bubble, we
have

9
x=1+ alWGZ. (30)

5. Thedissipation in theirrotational core and bubbleboundary layer
5.1. Dissipation in the irrotational core

We first study how the change in potential flow caused by the presence of the pipe affects the energy
dissipation in the irrotational core, in order to obtain a correction to the Levich drag (4). In section 5.2 we
shall examine the effect of the pipe upon the dissipation within the bubble boundary layer and wake in order to
obtain a correction to Moore’s drag (5).

In potential flow the fluid velocityy = V&, where the potentiab satisfies the Laplace equation, and the rate
of strain ise;; = %(814,‘/8)(]' +0u;/ox;) = 82<I>/8xi8xj. The rate of viscous dissipation over the total volume
of liquid V; is

dE ou;
S _ou [ ee;dv =2 / a2 s, 31
dr M/v,ele/ # slnulaxj (31)

wheren is the normal directed out df; and S; is the boundary o¥/;. If n is constant along streamlines on the
boundary (as occurs here on the pipe walls) then

814,' 0
niu; 7%, =u,; 7%, (n;u;) (32)
and this is zero on the tube walls sinee u = 0. Consider a surfac& which includes the pipe walls, the
surface of the bubble, and two discs of liquid far upstream and downstream of the bubble. The integral (31)
over the pipe wall is zero, and the integrals over the discs decay as these move to infinity. All that remains is
the contribution from the surfac®, of the bubble. In the frame of reference in which the bubble is at rest the
liquid velocity on the surface of the bubble is given by (27), so thaV = u,9/36. Noting thataé/ae =—r,

where# andé are unit vectors in thér, 0) directions, the integral over the surface of the bubble is found to be

L 127 ubvgG>. (33)

dt
The rate of energy dissipation must equal the rate at which work is done by the forces acting on theSsurface
In the frame in which fluid at infinity is at rest no work is done at the liquid discs far upstream and downstream.
Similarly no work is done by the pressure acting on the pipe wall, since the fluid velocity normal to the wall is
zero. All the work is therefore performed by the drag fofzecting on the bubble which moves with velocity

Vg, SO that

D = 127 ubvg(1+ 1.5936;°) (34)
which agrees with the Levich drag (4) in the ligit— 0.
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5.2. The boundary layer on the bubble and the bubble wake

Moore [10] discussed the boundary layer on a bubble rising through unbounded fluid. The potential flow
around the bubble has a rate of strajn= 3vy sind/2b on the surface of the bubble, and if the bubble surface
is to be stress-free a boundary layer will develop. The vorticity created in this boundary layer is convected
downstream and forms a wake behind the bubble. Moore estimated the change in the drag due to the boundary
layer and wake by computing the rate of energy dissipation in these two regions.

One immediate effect of the cylindrical boundary is to change the potential flow at the surface of the bubble.
The rate of strain at the surface can most easily be obtained in the same manner as in section 4 by noting that
the velocity field and rate of strain are identically zero within the sphere. The rate of strain just outside the
sphere is then found to gy, = 3G vy sind/2b, so that the velocities within the boundary layer are increased
by a factorG. The dissipation is increased by a fact@?.

The vorticity within the wake is similarly increased by a factorso that Moore’s energy dissipation within
both the bubble and wake are increased by a faGfoand Moore’s drag (5) therefore increases to

D= 12wbvo(1 1 ) (1+ 1.5936;°). (35)

- Ré?

However, the velocity field within the wake will also be modified by the presence of the cylindrical walls of
the pipe. Moore [10] assumes that the perturbation velagityithin the wake decays to zero as— oo, and
integrates his equation (3.27) to find, in unbounded fluid

g, = —6v/2008 [ﬂ—l/z exp(—o*z) —oerfco], (36)

-(2)7-(2)"

is a scaling for the thickness of the boundary layer on the bubble surface, and

where

pz
0O=—=7.
4./2b28

In the pipe considered here we require that the total volumetric flow rate across the pipe cross-section is
unperturbed. Noting that just behind the bubble the wake diameter is small compared to that of the cylinder, we
may integrate Moore’s (3.27) and satisfy zero volumetric flow by adding a uniform backfloy$?42 to the
right-hand side of (36), so thgf” ¢.p dp = 0. Moore’s subsequent analysis for the wake can be adapted for the
bounded cylindrical geometry with very little modification. The boundary conditign=aiz can be either a no-

slip conditiong, = 0 (with a boundary layer) or a stress-free conditbgn/dp = 0 such as might be adopted

when performing numerical computations in a large but bounded domain intended to represent unbounded
fluid. The backflow leads to a perturbation to the drag which scalesgsRe 142, One can similarly discuss

the displacement thickness of the boundary layer on the surface of the sphere whisbfis This effectively
changes the dimensions of the particle. It should therefore lead to an additional drag (ievgbRe1) in
unbounded fluid and a correction(@ybRe14%) due to the bounding cylindrical container. In the absence

of any analysis for the QuuvgbRe™>®) correction to Moore’s drag (5) due to the stagnation region behind the
bubble, it seems inappropriate to pursue corrections which ére®).

(38)
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6. Theviscousboundary layer at the wall
6.1. The boundary layer equation

We now turn to a laboratory coordinate system
¢ =2z — vot, (39)

in which the pipe walls are stationary, the bubble moves with veloeity and the liquid is at rest at infinity.
The liquid velocity at the wall in the potential flow is

Urw(£) = UL (& +vot) — vo = Wo. (40)

If the fluid is viscous, the potential flow obtained in section 2 will be valid in the interior of the pipe, but a
boundary layer will develop at the pipe walls. Far upstream of the bubble the liquid is initially at rest, but an
observer at fixed will see the wall velocity outside the boundary layer first increase, and then decrease. Once
the bubble has gone past, the vorticity within the boundary layer will diffuse away from the wall. We now
estimate the rate of viscous dissipation within this boundary layer.

We assume that the boundary layer is everywhere sufficiently thin that there is no significant modification to
the potential flow within the pipe, and that pipe curvature may be neglected. We use a local vasablep to
describe distance from the pipe wall. The liquid velocity within the boundary layey js:,,), withu, =u, =0
onn = 0. The unsteady boundary layer equation is

du, du, dug  %uy  19p

— — — =———, 41
a0 Mg Ty TV a2 T ae (“41)
wherep is the pressure. In the irrotational core the wall velodity, satisfies
AU¢y AU¢y 19
LR it U (42)
ot le p1 9
The velocityU,,, outside the boundary layer is a function onlyzof ¢ + vot. Hence
1 3]7 dUzw dUzw
poc C dz M dz
du.,
=U,y—ro, (43)
dz

as would be found immediately by considering potential flow in the frame in which the bubble is at rest. We
similarly expect the fluid velocity within the boundary layer to be a function oni§ o), so that the boundary
layer equation becomes

dug(z,m) du, 32u; du.,
(g + UO)T S Uz & (44)
with boundary conditions
us=u, =0, n=0, (45a)
u,—0, n— o0, (45b)

ur — Uy (& +vot) —vo, 1 —> 00. (45¢)
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Far upstream or downstream of the bubljle| < vo and|u,| is similarly small. The boundary layer equation
reduces to

dug(zm)  Fug _ dUy
- = 46
Vo Py % o2 Vo dz (46)
which we re-write as
oW(z,n) W (z,m)
_ , 47
v 9z Y on? (47)
where
W(z,n) = —u(z,n) + Uz — o (48)
with boundary conditions
W = U.(2) —vo=Wo(z), n=0, (49a)
W—0, n— . (49b)

Equation (47) is the diffusion equation for one-dimensional motion of fluid, initially at rest, adjacent to a flat
plate which translates (within its own plane) at velocity given by (49a),zguldys the role usually adopted by

a time-like variable. When the bubble is still far away from any positidhe convective terms in the equation

of motion may be neglected, and an observer at the wall merely sees a time-varying bulk fluid velocity outside
the boundary layer due to the approaching bubble.

When, as assumed herg 1 the maximum velocity (24) at the wall 8, ~ 1.8v9¢° < vg, SO that the
diffusion equation (47) is a valid approximation to the boundary layer equation (44) everywhere, rather than
just far upstream or downstream.

The solution to (47) is [20]

1/2 2
— (o : expl—n?vo/4v(z — 1)]
W= <4yrv> /_oo Wo(2) (z — 132 dx (50)

which, on making the substitution

Yo 1/2
- 51
g [4v(z — x)] 5 (1)
reduces to
B 2 © UO772 _ 2
W—m 0 WO(Z—Ksz>e dg (52)

Straightforward substitution shows that (50) is a solution of (47), and from (52) we see that the boundary
condition atp = 0 is satisfied.

6.2. Upstream asymptotics

Consider now the region < 0 upstream of the bubble. If

Wo(z) = (53)
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then using the result ([21], equation 3.325)

oo b T 1/2
2 1/2
/o exp{—at — tz} dr = ( ) exp[—2@ab)"?], a>0, b>0, (54)

we have from (52)

2drz poo k,von? 2 k, von® 1z
v Lol e ()] e

a similarity solution which could have been obtained directly from (47). Therefore if, by (19),

X 2b3Cok, €2

Wo=U., — vg= —_— 56
0 w — Vo vor=1 3a2Jo (ko) (56)
then
200b3Co . k€7 k,von?\ /2
=—W+Wy=-— exp|— —1;. 57
S 7 ;Jo(krw{ p{( v > ] } 7)
When—koz > 1, far upstream of the bubble,
2unb3 1/2 oo k3/2kz k, 2\ 1/2
() S el ()
on 3a? v = Jo(k,a) v

and the dominant contribution to the viscous dissipation is

M(%f _ 4uvdb®CE o b2k 2elhr ke exp{— (kY2 4 k2) (”0772_>1/2]. (59)
an 9a*v = = Jo(k,a)Jo(ksa) ! s v

It is straightforward to integrate (59) from = 0 to infinity, and the viscous dissipation is integrable as
z — —oo. Azimuthal integration with respect thintroduces a factor2a. Since the; are Qa 1), the viscous
dissipation upstream of the bubble is of order

A2 /92
,uvgb(vl> (—) . (60)
v

a

Since we have assumed<« 1 the boundary layer equation (44) can be approximated by the diffusion
equation (47) everywhere. The above analysis therefore breaks down onlyzwhenfficiently small that
the asymptotic expansion (56) fiiry fails. More generally, even if is not small, the above similarity solution
will hold sufficiently far upstream of the bubble, where the wall velocity decays exponentially. However, in
this case the coefficients in the expansion (56) are incorrect, since the coefi@iemd D; in the asymptotic
expansion (18) depend upgn

6.3. Downstream asymptotics

It is less straightforward to estimate the dissipatiory as co downstream of the bubble. We first observe
that the total displacement of liquid adjacent to the wall (but outside the boundary layer) may be estimated
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using Darwin’s theory of drift [22,23]. The bubble has voluvie= %an and as it moves it carries with it an
additional volume of liquid. If the added mass of the bubble is unaffected by the presence of the pipe walls,
the total volume of the bubble and added fluid 1§ . The motion of this total volume leads to a backwards
displacement of fluid which is averaged over the ared of the pipe. The total displacement at the wall is
therefore 3, /2w a? = 2b%/a?, in agreement with direct integration of the wall velocity whenG = 1. (Note

that this argument fails when the interaction between the wall and the bubble is no longer negligible, as was
found for a disc, rather than a bubble, in [23].) Hence

00 2b3
[w@ww=;? 61)
and
o0 2uob®
| Wode==5". (62)
VN a

Far downstream of the bubble the viscous boundary layer will continue to diffuse towards the centre of the
pipe. However, very little vorticity will be generated at the wall oge>>> 1. We turn to (50), and assume that

z is so large thap (1) may be approximated by a delta function with total strength given by (62). The velocity
within the boundary layer may then be approximated as

n%vo ) 12 (2v0b3

2
y— 2 >exp[ n“vo/4vz]. (63)

u{ o —W — —(
Note that (63) predicts tha¥ = 0 onn = 0, rather tharWW = Wy(z). This is because the exponential tail of
Wo asz — oo is neglected when we approximaié, by a delta function. We see frofigure 2that the errors
are small, sincéVy/voq® < 2 x 1075 for |z| > 2a. Smythe showed that the potential flow decays exponentially
both upstream and downstream of the bubble (17). From (63) we find that

00 b3 /4 172
/ Wm:--(l@> (64)
0

a’\ nz

which decays as — oo. The downstream decay of the (weak) bubble wake is discussed by Moore [10].

As before, we can estimate the dissipation within the boundary layer assuming that the boundary layer,
though thicker than upstream of the bubble, is nevertheless still sufficiently thin that derivatives dn the
direction may be neglected:

dur du;  pvdh® < n2v0>2 { nzvo]
——— = 1——) exp|——=— 65
Man on  mva*z® 2vz P vz (65)
so that
 Ju, du 3uvdh® [ 2vz7 12
p e = g (22 (66)
o dn on 8vatz3 \ vy

and this is clearly integrable as— oo. Adopting a cut-off at; = a and introducing a factors24 to account
for integration with respect tg, we find that the viscous dissipation in the trailing wake is of order

b\ Y2 /N 92
wio(5) (2 ©7)
vV

a
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which is identical to the order of magnitude of the upstream dissipation (60).

In the central region of lengtha2aroundz = 0, the boundary layer has thickness of order/vo)*? and
the velocity outside the boundary layer is of oradg(b/a)3. The rate of dissipation, after integration over the
relevant volume, has the same order of magnitude as the dissipation upstream (60) and downstream (67).

6.4. Numerical computations

The dissipation within the boundary layer on the walls of the pipe may be computed numerically by solving
the boundary layer equation (44). Here, however, we shall assumg #hdt, so that we may solve the simpler
diffusion equation (47). We make the scalings

1/2
~ Z ~ Vo ~ W

z=-, n=n(—> , W=—Fs (68)
a ay

and in consequendé = k,a. The diffusion equation (47) becomes

oW 92W
92 0n2 (69)

with initial condition
~ OO L Arz ~
W=— o —exp[—kY?], 7 — —o0, (70)
; JO(kr)

and with boundary conditions (49). The diffusion equation (69) was solved numerically, and resuitgifor
at various values df are shown irfigure 3 The shear rate may then be evaluated and we first obtain the integral

% /W 2 b 6 Yo vz
I, = — ) dn= 2<—> (-) I, 71
n/()(an)nvoa ©) i, (71)
where
. o rdW 2
I = —) d. 72
= (8n> : (72)

Curve (a) offigure 4sh0wsf,7 as a function of. Also shown onfigure 4are asymptotes (b) based on (66)
downstream of the bubble and (c) based on (59) upstream of the bubble. Note that curves (a) and (c) are
indistinguishable fog < —0.1.

The total rate of viscous dissipation within the boundary layer is obtained by integiatmith respect ta

and¢ and is
27Tau/ dz/ (£> d77=271a2;w(2,(—> (2> / I,dz
—0 0 an a av —0

ouh\ Y2 7 py 2
=7.66Mv§b(ﬂ> (—> , (73)
v a

where the value 7.66, obtained numerically, is thought to be accurate to within 1%.
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Figure 3. The liquid velocity W (2, ) , defined by (48), within the boundary layer: Gj= —1.0; (b) 2 = —0.5; (c) 2 = 0; (d) 2 = 0.5; (e) 2 = 1.0;
) z=20.
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Figure 4. The integralf,,, defined by (72), giving the local rate of dissipation as a functiof. @urve (a) shows the full numerical results, (b) is the
downstream asymptotic prediction (66) and (c) the upstream asymptotic prediction (59). Curve (c) is indistinguishable fraim<a)ddr.

Adding this dissipation to that within the irrotational core evaluated in section 5 we obtain the total
dissipation within the liquid surrounding the bubble. The rate of working at the pipe walls is zero, as in
section 5, since although we now admit a tangential stress the liquid velocity at the wall is zero. Hence the
rate of dissipation must again equal the rate of working by the drag f@raeting on the bubble, so that

221
~ Rel/2

D =127 pvgh |1 + O(Re™™®)| (1 + 1.59367%) + 7.661.v0bREV2¢Y/2. (74)

The contribution to the drag due to the boundary layer differs from that in the irrotational core by a factor
of order Ré/?¢%? and could dominate in the limit Re- co. As discussed in section 1, Moore showed that
once the bubble Reynolds number is large the bubble deforms and the expressions (4) and (5) for the drag
D are in poor agreement with experiment once the radius of air bubble rising in water becomes larger than
about 0.5 mm. Moore’s analysis [8] of distorted bubbles extends the range of agreement only slightly [8,24].
Taking p; = 1000 kgnv3, u = 1073 Pas anth = 0.5 mm, Levich (4) predicts a rate of risg = 0.27 ms™*
and a Reynolds numbewgb/v = 270. Thus ifg « 1 the viscous boundary layer at the pipe walls will have
a negligible effect on the rate of rise of an air bubble in water. From (3) we see that larger Reynolds numbers
might be achieved in fluids for which the Morton number (2) is small. However, there is not much scope
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for reducingM: the lowest values reported by Harper [25] afe< 1013 for liquid metals. Smaller Morton
numbers, and hence, by (3), larger Reynolds numbers, may be possible for spherical bubbles rising in a low
gravity environment, assuming that the bubble remains stable.

6.5. The pressure on the bubble

All the analysis here has been in terms of the dissipation within the fluid, and we might ask how the
dissipation within the boundary layer would show up in a direct computation of the forces acting over the
surface of the bubble.

The displacement thickneds of the pipe wall boundary layer is of ordér= O(va/ve)*/? in the vicinity
of the bubblez = 0. This reduces the effective radius of the pipe. The shear rate at the surface of a bubble in
unbounded potential flow is @g/b), and the results of section 4 indicate that in the pipe this is increased by
afactorG =1+ 0.797(b/a)®. The force acting on the bubble is therefor€¢.@ybG) and will change by an
amount Quugbg”/?ReY?) if a changes by a small amouht~ (va/vg)¥?. This correction is smaller than
the Q(uvebg®Re1/?) correction to Moore’s drag (35) found in section 5.2. It is also quite different from the
O(unvobg®?ReY?) correction to the drag predicted in (74).

In order to understand the drag predicted by energy arguments, we note that the displacement thickness of
the boundary layer on the pipe wall increases in the downstream direction. When we allow for the effect of
the varying displacement thickness we destroy the upstream-downstream symmetry of the potential flow. The
potential-flow pressures on the upstream and downstream surfaces of the bubble no longer cancel, and we now
estimate the magnitude of this effect.

In the frame in which the bubble is at rest, the tangential velocity over the bubble surface is given by (27)
so that the perturbation in the pressure over the surface of the bubble due to the walls of the pipe is of order
oiv3(b/a)d. If the effective pipe radius changes i between the upstream and downstream sides of the
bubble, the pressure changes by an amount of grdgb3Aa/a* and this pressure acts over an area of order
b2. If the boundary layer thickness Is~ (va/vo)*/?, then on dimensional grounds we expect the change in
boundary layer thicknesa L in a time At due to diffusion to be of orderAz/L. We identify A¢ with the
timescaleb/vq for the bubble to pass any point, and we identify the effective change in pipe radiugth
the change in boundary layer thicknes4.. This leads to an estimate of the pressure force which is of order
b8uvoa—*(vo/va)/?, which corresponds to the estimated rate of dissipation (60) within the boundary layer.

7. Concluding remarks

The effect of pipe diameter on the drag predicted by (74) is much smaller than the experimental correlation
(6), which includes not only the gas bubble results of Uno and Kintner [26], but also many results for the
velocity of liquid droplets. Moreover, on comparison with Duineveld’s results for air bubbles rising through
pure water [24], it would appear that the results of [26] pertain either to large, non-spherical bubbles, or to
small bubbles which behave as rigid spheres due to the effect of surface contaminants, as discussed in [13,25,
27]. It can be seen both from the composite plot in figure 9.8 of [13] and from the results in figure 10 of Uno and
Kintner [26] that there is considerable experimental scatter whenl. Experiments in fluids other than water
would reduce the effects of surface contaminants, and the predicted drag (74) would provide a rational theory
against which such experimental results could be compared. Although numerical studies of bubbles rising in
tubes at high Reynolds numbers have been published for bubbles and tubes having similar diameters, | have
been unable to find any such studies for the case in which the bubble diameter is small compared to that of the

pipe.
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The drag (35), which allows slip at the walls of the container, indicates the errors which might be expected
to occur when computing the high Reynolds number drag on a bubble using a finite (rather than infinite)
computational domain. Thus in [17] the computational domain corresponded approximately to a cylinder of
radiusa = 80b, and errors of order 0.0003% would have been negligible. Note that at the pipe wall the normal
velocity u, =0, so thatdu,/dz =0 atp = a. If the flow is irrotational we conclude thai:./dp =0 atp =a
and a stress-free boundary condition at the cylindrical wall is therefore satisfied exactly by the potential flow. A

weak boundary layer adjusts the shear-rate at the stress-free surface of the bubble, but no such boundary layer

is required at the stress-free outer cylindrical boundary.
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